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Abstract 
We deal in this work with the following graph construction problem that arises in a model 
of neural computation introduced by L.G. Valiant. For an undirected graph G = (I’. E). let set 
N*(X, Y ), where X, Y 2 V, denote the set of vertices other than those of X. Y which are adjacent 
to at least one vertex in X and at least one vertex in Y. An undirected graph G needs to be 
constructed that exhibits the following connectivity property. For any constant k and all disjoint 
sets A.B C V such that IA\ = (BI = k, it is required that the cardinality of set C = N*(A. B) bc /, 
or as close to k as possible. 
We prove that for k > 1, if any graph G exists so that for all choices of A and U. set 
C = .N*(A. B) has cardinality exactly k, then G must have exactly 3k vertices, Thus an exact 
solution for arbitrarily large values of n does not exist for any such k. A graph construction based 
on a projective plane graph provides an approximate solution, in a certain sense. for arbitrartly 
large II. 0 1998 Elsevier Science B.V. All rights reserved. 
1. The problem 
We deal in this work with the following graph construction problem posed by Valiant 
in [S, 93. Let G = (V,E) denote an undirected connected graph. Let k be a constant. 
Let set N*(X, Y), where X, Y C V, define the set of vertices, other than those of X and 
Y. which are adjacent to at least one vertex in X and at least one vertex in Y, in other 
words. 
N*(X.Y)={~~~V-(XUY)/~~~EX,?,EY such that (r,x).(r,~~)~E}. 
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Problem. For any constant k, construct an undirected graph G = (V,E) that exhibits 
the following connectivity property. For any two disjoint sets A,B c V such that 
[Al = IBI = k, the cardinality of set C = N*(A, B) is exactly k or as close to k as possi- 
ble. The vertices of the graph are also required to have approximately the same degree. 
We are interested in the behavior of any construction as n tends asymptotically to 
infinity. Valiant in [S, 91 examines the functional capabilities of sparse networks of 
neurons in accumulating knowledge through interactions with the outside world. The 
specific learning task, in the sense of [7], is to establish in the network a circuit that 
computes a boolean expression. The structure of the underlying network of neurons 
plays an important role in the various learning tasks considered. A neuron may store 
information related to some concept or attribute. It is sometimes desirable that not a 
single neuron but a set of k neurons, for some integer k, store infomration related to 
some concept or attribute. This replication ,fbctov k, as is called in 191, links neural 
networks and graph properties and we examine in this work the implications of the 
appearance of this factor in the neuron allocation problem that arises in various leam- 
ing tasks. Let the sets of neurons A, B, C,. . store infonnation related to concepts or 
attributes CA, CB, CC‘, . . respectively. Let sets A and B be of cardinality k each, and let 
us assume concept CC = c.4 A ca is to be learned. Set C must be such that each neuron 
in C is connected to a neuron in A and a neuron in B. Furthermore, the cardinality of C 
must be k or very close to k. A solution to the graph-theoretic problem stated, directly 
translates into a solution for this neuron allocation problem. The closeness to k for the 
cardinality of C is required to avoid instability in the subsequent spread of information 
when concept cc is used for the learning of other new concepts, such as et{ = CC A CD, 
where similarly, cg = c~ A CF. If the cardinalities of sets C and D deviate significantly 
from k, then the deviation from k of the cardinality of H may be even greater. 
The following definitions for distinct vertices a, b and c and disjoint sets of vertices 
A, B and C of an undirected graph G are given. A vertex n is defined to be common to 
vertices b and c if vertex a is adjacent to both b and c. Similarly, a vertex u is common 
to two sets of vertices B and C if there exist vertices b E B, and c E C such that a 
is common to b and c. Also, a set A is common to two sets of vertices B and C, if 
for every vertex a E A, vertex a is common to B and C. The notion of “commonness” 
in this treatment is related to the adjacency properties of a vertex or a set of vertices 
rather than to the intersection of sets of vertices. 
Definition 1. A graph G = (V, E) has connectidy property P”, if for any two disjoint 
sets A, B C V, JAJ = IBI = k, the cardinality of set N*(A, B) is k. 
We refer to graphs that have property P” as G$ graphs. 
Definition 2. A G$ graph is called trivial if it has exactly 3k vertices. 
The k = 1 case of the problem is well studied. It is related to the existence 
of projective planes, combinatorial designs and weakly, to the class of strongly 
regular graphs [4]. For k = 1, one can deduce by way of properties of strongly regular 
graphs [4] that the triangular graph K;, the complete graph on three vertices. is the 
only regular graph that satisfies property P’ Furthermore, Erdos, Renyi and SOS 1.31 
proved that a solution to the examined problem for k = I exists for odd II and is a 
windmill-Like graph, where one vertex has degree 17 - I and each of the remaining II I 
vertices has degree 2. This graph cannot be used in the context of neural networks. as 
by way of the construction, the high degree node needs to participate in every learning 
task, an undesirable restriction. 
These preliminary results imply that the construction of a graph that satisfies property 
P’: for k > I and has uniform or near uniform degree may be difficult or impossible. 
They also raise the question whether there exists a theorem similar to the one stated 
by Erdos, Renyi and Sos that proves the existence of graphs that do have property 
P” for k > 1. A quadrilateral-free graph (i.e., a graph with no cycle of length 4) of 
diameter 2 and degree O(&) due to Reiman [6] (see also [3]) has the following 
property. Any two vertices of the graph are either adjacent or there exists exactly one 
vertex adjacent to both of them. This graph approximately solves the li = I cast. in 
the sense that for arbitrary choices of two distinct vertices (1 and h. either there exists 
a vertex c distinct from a and h which is connected to both (I and h. or vertices (I and 
h are adjacent. Valiant. in [S], mentioned that in random graphs with edge probability 
I / a the expected value and the variance of the cardinality of set C = N * (.-I. /I ) arc 
both equal to li. The properties of such random graphs and how they relate to OUT 
problem are examined elsewhere. 
We prove the negative result that for k > I, if any graph G exists such that for any 
choice of 4 and B in the definition of the problem. set C = N*(A,B) has cardinality 
exactly k, then graph G must have exactly 3k vertices. The proof consists of two 
propositions. Proposition 4 shows that in a graph with property P’. li > I. unless the 
graph is trivial, any vertex has degree either I or at least 2k. Proposition 6 states 
that a vertex in a Gb graph cannot have degree at least 2k unless the graph is trivial. 
The only case left, other than having a trivial G$ graph, is that every vertex has 
degree exactly I. which also contradicts property P”. This nonexistence result sho\vs 
that there is no exact solution to our problem for graphs with 17 vertices. uherc II :> 31,. 
We conclude that the best we can aim for in general is to have graphs in which two 
disjoint sets of vertices, each of cardinality k. have in common not I, but I v:crtices. 
where 1 is close to k. We then go on to comment that a graph based on a projecti\,c 
plane graph due to Reiman [6] in a certain sense to be explained solves the given 
problem approximately. We claim that the properties of this graph with respect to the 
graph problem examined are more tolerable than those of random graphs. 
2. A negative result for k > 1 
For fixed k > I, let us assume that a G$ graph exists and is not trivial. L.et the 
number of vertices of this graph be n. The following is immediate. 
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Proposition 3. Any two vertices oJ’G.$ cannot have more than k vertices in common. 
Proof. If two vertices exist that have in common more than k vertices, then we can 
form sets A and B of k vertices each, that have at least k + 1 vertices in common. The 
only case in which we cannot form such sets A and B is when G$ has 3k vertices, 
i.e., it is trivial. q 
Proposition 4. Each vertex of a Gi graph that is not trivial has degree either 1 or 
at least 2k. 
Proof. Suppose that in a nontrivial Gi graph there exists a vertex of degree at most 
2k - 1 and let us call it v. We call vertex a a neighbor of b if a is adjacent to b. If 
v has degree equal to 1, then the claim is proved. Otherwise, its degree is at least 2. 
We prove a contradiction in this latter case. Vertex v and the vertices adjacent to v 
are thus at most 2k and at least 3. We split these vertices into two sets and let us call 
them A and B. Each of the two sets is of cardinality at most k, will contain at least 
one neighbor of v, and all neighbors of v including vertex v itself will belong to one 
of these two sets. 
Without loss of generality, let A be the set containing v. If the neighbors of D are 
less than 2k - 1, then we add vertices to these two sets from the remaining vertices of 
the graph so that the cardinalities of A and B become k. We then claim property Pk 
for sets A and B of Gi. Let C be the set of k vertices common to A and B. As GE 
is not trivial, there exists a vertex, say X, that does not belong to set A, B or C. We 
note that v is not adjacent to any vertex in C because all neighbors of v belong to A 
or B. Sets D = A - {v} and B have C U {v} as the set of their common vertices. We 
then replace v in A by x and claim property Pk for sets D U {x} and B. They have in 
common k + 1 vertices, set C and vertex v. This contradicts property Pk. We arrived 
at this contradiction because we assumed that there exists a vertex in Gi of degree 
greater than 1 and at most 2k - 1. Hence, the degree of any vertex in a GE graph is 
either I or at least 2k. I? 
Proposition 5. In a G: graph, if there exists a vertex of degree at least 2k, then G$ 
is trivial. 
Proof. Let v be a vertex of degree at least 2k and let us take 2k of these vertices 
adjacent to v and split them into two sets A and B each of cardinality k. We then 
claim property Pk for these two sets. These sets must have in common v and k - 1 
other vertices. Let the set of the k - 1 vertices other than v form set C. Let A’ CA and 
B’ C B be the vertices in A and B respectively connected to at least one vertex in C. 
We distinguish the following two cases. 
Case 1: IA’/ + IB’I >k. Sets C and {v} have more than k vertices in common, 
namely A’UB’. Unless G: has only 3k vertices we can form sets C’ and D’, each of 
cardinality k, such that C C C’ and v E D’. Sets C’ and D’ will then have more than k 
vertices in common. This would contradict property P’ of Gi. 
Case 2: ,A’1 + lB’l <k. Let us then form set X, where X C: (A - A’)U (B ~ B’), of 
cardinality k and let X’ = (A U B) -X. We then consider the consequences of property 
Pk for X and X’. By construction, these two sets cannot have a vertex in C as a 
common vertex. Therefore, there must exist at least one vertex outside A LI B Al C ! {I-} 
that is common to X and X’. Let us call this vertex z. 
We define vertex x adjacent to z to be of type A if .Y E A. and to be of type B ii 
xEB. Since z is common to X and X’ it must be connected to a vertex in X and to 
a vertex in A”. These two vertices of X and X’ must be of the same type, otherwise 
the original sets A and B have in common C U {r} U {z}, a contradiction to property 
P” of G;. In any case, IB - B’I 3 1 and jA - A’1 >, 1. Let the identified two vertices be, 
without loss of generality, of type A and let us call them a, E X and Q E X’. Let h be 
an arbitrary vertex in B - B’. We then form sets Y and Y’ as follows. Set Y will be 
Y=BU{al] - {h} and set Y’ will be Y’ = A ~ {o, } U {h}. Because of their choice, 
neither (11 nor h is connected to a vertex in C. We then consider the consequences 
of property PA for these two sets Y and Y’. They have in common C U {r} LS {: ) that 
is, k + I vertices in G:,, a contradiction to property Ph’ of G:,. This proves the claim 
stated in the proposition. G 
We now prove the main theorem. 
Proof. Let a Gk graph be given. By way of Proposition 5. such a graph either is a 
graph on 3k vertices or no vertex of it has degree at least 2k. In the latter cast. by 
way of Proposition 4 each vertex of the graph has degree 1. Then no vertex of that 
graph can be adjacent to two other vertices. Hence, such a graph cannot have property 
P”. Therefore. a Gk graph is trivial consisting of 3k vertices. J 
We note that the extremal G: graph, k> 1, is k’jk. K~I, is not, however. the only C$ 
graph, as by deleting any single edge from K~L one gets a Gk graph as well. 
The following graph due to Reiman [6] and also examined by Erdos, Renyi and 
Sos [3] can be used to solve our problem approximately. The graph G = ( V. E) is dc- 
fined as follows. Set V of G consists of the j V 1 = II = $ J- q + I points of PG(2.(/). 
where 4 is an odd power of an odd prime. A polarity P [I] that maps a point 
(a. h. c) E PG(2,y) to the line ax + h\, + cz = 0 and vice versa is then defined. Two 
vertices a t V and b t V are joined by an edge if u is on the polar line of H (H is on 
the polar line of A as well). A point of PG(2,q) is on its polar line if and only if it is 
on the conic N, N :.x2 + y* +z’ = 0. It is shown [.5] that the number of absolute points 
is exactly q + I provided that q is not the square of an integer. In G. points on the 
conic have degree q. Points not on the conic have degree q + 1 since the polar lines of 
nonconic points include q + 1 points to which these nonconic points can bc connected. 
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We first fix integer k > 1. Parameter k is considered constant for the remainder of this 
discussion. Let us assume that the number of vertices IZ of the graph to be constructed 
in such that n = k(q2 + q + I), where q = p’, p is an odd prime and Y an odd integer. 
We then obtain k copies of the Reiman graph. Each of these k copies has n/k vertices 
each of degree O(e). Let us call the ith copy of such a graph, Gi, i = 1,. . , k, and 
for a vertex u in that graph let ui denote the copy of c in Gi. Let Gi =(Vj,Ei), where 
V, and Ei are respectively the set of vertices and edges of G,. The resulting graph can 
be made connected, by connecting vertex vi of Gi representing an absolute point to its 
isomorphic vertex q+l of Gi+t , 1 di < k. Let the edges added during this step form 
set El. These edges add to the degree of any vertex in any of the k subgraphs at most 
2, an asymptotically negligible constant. This way the graph obtained is Gk = ( Vk, E”), 
where V” = VI U. U vk and Ek = El U. U Ek U E’. For the neural allocation problem 
a set A of cardinality k is formed as follows. A vertex of set VI say ~1, is uniformly 
at random picked. The remaining k - 1 vertices of A are vi, 2 <i< k. A set B can be 
similarly formed. Then, with probability 1-0(1/n) set C =N*(A,B) is of cardinality k. 
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